Abstract. The 21-cm signal from the epoch of reionization is non-Gaussian. Current radio telescopes are focused on detecting the 21-cm power spectrum, but in the future the Square Kilometre Array is anticipated to provide a first measurement of the bispectrum. Previous studies have shown that the position-dependent power spectrum is a simple and efficient way to probe the squeezed-limit bispectrum. In this approach, the survey is divided into subvolumes and the correlation between the local power spectrum and the corresponding mean density of the subvolume is computed. This correlation is equivalent to an integral of the bispectrum in the squeezed limit, but is much simpler to implement than the usual bispectrum estimators. It also has a clear physical interpretation: it describes how the smallscale power spectrum of tracers such as galaxies and the 21-cm signal respond to a large-scale environment. Reionization naturally couples large and small scales as ionizing radiation produced by galactic sources can travel up to tens of Megaparsecs through the intergalactic medium during this process. Here we apply the position-dependent power spectrum approach to fluctuations in the 21-cm background from reionization. We show that this statistic has a distinctive evolution in time that can be understood with a simple analytic model. We also show that the statistic can easily distinguish between simple "inside-out" and "outside-in" models of reionization. The position-dependent power spectrum is thus a promising method to validate the reionization signal and to extract higher-order information on this process.
Introduction
The spin-flip transition of the ground state of neutral hydrogen corresponds to a rest frame wavelength of 21.1 cm, and is commonly known as the 21-cm signal. This signal has the potential to map the epoch of reionization (EoR) -the last major phase change of the Universe when the intergalactic hydrogen transitioned from a cold and neutral state to a hot and ionized state [1] . Recent indirect observations of the EoR suggest that reionization has completed at around a redshift of 6 [e.g. [2] [3] [4] ; thus, we expect to find a 21-cm signal from the EoR at radio wavelengths longward of 1.47 m. Future 21-cm observations at different wavelengths will be able to follow the progress of the reionization process [e.g. 5] .
One of the challenging aspects of studying the EoR with the 21-cm signal is the optimal extraction of information. A new generation of radio telescopes, such as the Giant Metrewave Radio Telescope 1 [GMRT; e.g. 6], the Low Frequency Array 2 [LOFAR; e.g. 7] , the Murchison Widefield Array 3 [MWA; e.g. 8] and the Precision Array for Probing the Epoch of Reionization 4 [PAPER; e.g . 9] have been trying to detect the EoR statistically. However, they are only sensitive enough to measure the two point statistics (or power spectrum). Since the 21-cm signal from reionization is highly non-Gaussian [e.g. 10, 11] , the power spectrum will not provide a complete statistical description of this process.
The Square Kilometre Array 5 [SKA; 12] will be able to deliver images of the 21-cm background during the EoR. By combining images at different frequencies it will provide threedimensional -so-called tomographic -data sets which will show the temporal evolution along the frequency direction. These observations will be sensitive to non-Gaussian information and thus will allow the first measurement of the 21-cm bispectrum -the Fourier transform of the three-point correlation function. The bispectrum is non-zero for triangular configurations of three wave vectors in Fourier space, i.e., k 1 + k 2 + k 3 = 0. Since there are many different triangular configurations, it is customary to characterize the bispectrum in various limits for simplicity, such as equilateral (k 1 = k 2 = k 2 ), isosceles (k 1 > k 2 = k 3 ), and squeezed (k 1 ≈ k 2 k 3 ) triangles etc.
There are at least two hurdles in studying the 21-cm bispectrum. One is a computational challenge: it is computationally expensive to calculate all possible configurations of the bispectrum and their covariance matrix from the (simulated) observations [11, 13, 14] , though there have been attempts to develop faster algorithms using the Fast Fourier Transform [FFT; 15] . The other is physical interpretation: it is not easy to understand the information content of the 21-cm bispectrum, which is complicated further by many possible choices for triangles. Refs. [11, 14] have taken appreciable steps forward in this regard.
In the context of lower-redshift large-scale structure surveys, Refs. [16, 17] introduced a computationally inexpensive method to probe the bispectrum in the squeezed limit, in which the wave vectors form isosceles triangles with the unequal side much smaller than the other two (k 3 k 1 ≈ k 2 ). The method relies on the estimation of the local (or position dependent) power spectra of the signal: one divides the survey volume into subvolumes, and correlates power spectra and mean densities of the tracers (such as the galaxies and the 21-cm signal) locally measured within the subvolumes. This method was successfully applied to the Baryon Oscillation Spectroscopic Survey 6 (BOSS) to measure non-Gaussianity due to gravitational evolution and non-linear galaxy bias [18] .
In this paper we apply the position-dependent power spectrum approach to brightness fluctuations in the 21-cm background from reionization. This method is useful not only for its computational advantage, but also for physical interpretation. It describes how the smallscale power spectrum of tracers responds to the large-scale environment, i.e., long-wavelength fluctuations. It therefore naturally and intuitively captures mode-coupling of large-and smallscale fluctuations, which sheds light on how reionization proceeds.
The rest of this paper is organized as follows. In Section 2 we summarize the positiondependent power spectrum approach of Refs. [16, 17] . As we do not have real 21-cm observations yet, we rely on simulated observations, which are described in Section 3. We show our main results in Section 4, and show how the position-dependent power spectrum approach can distinguish between "inside-out" and "outside-in" reionization scenarios in Section 5. We conclude in Section 6. We explain our analytical model for the response function on large scales in Appendix A.
Formalism

Redshifted 21-cm signal
The intensity of the 21-cm background can be expressed as a differential brightness temperature with respect to the Cosmic Microwave Background (CMB) [e.g., 5, 12] ,
In the above equation there are three position-dependent quantities: x HI is the neutral fraction of hydrogen, δ d is the matter density contrast defined in the usual way, and T s is the excitation temperature of the two spin states of the hydrogen ground state, known as the spin temperature. The global quantities are T CMB (z), the CMB temperature at redshift z, Ω b and Ω m , the present-day density parameters of baryons and total matter, and the primordial helium mass fraction, Y p . There will be no 21-cm signal when T CMB = T s . It is expected that in the early phases of reionization the spin temperature will decouple from T CMB and approach the gas temperature due to the Wouthuysen-Field effect [1, 19, 20] . Previous studies have shown that the inter-galactic medium (IGM) will likely be heated by the first X-ray sources before substantial reionization starts [21] . Therefore we will adopt the common assumption that the spin temperature is much greater than the CMB temperature, 1 − T CMB Ts → 1. 7 Then, spatial variations in the 21-cm signal depend only on the neutral fraction and density and eq. (2.1) can be rewritten as
whereT 21 contains all the global cosmological terms in eq. (2.1).
Observations will provide three-dimensional (tomographic) data sets for T 21 consisting of images at different frequencies. Along the frequency direction these data sets will be affected by various line-of-sight effects such as the light-cone effect [22, 23] and redshift space distortions [24, 25] . We will ignore these effects in this initial study.
2.2 Position-dependent power spectrum as a probe of the squeezed-limit bispectrum
In this section, we formulate the position-dependent power spectrum and its connection to the squeezed-limit bispectrum following Refs. [16, 17] . Position-dependent power spectrum is an intuitive statistic that captures mode-coupling between large-and small-scale fluctuations. Instead of measuring the power spectrum from the entire survey volume, we divide it into many subvolumes, in which we compute the local power spectra and local mean density fields. The correlation between these two quantities measures coupling between the long-wavelength fluctuation (the local mean density field) and the short-wavelength fluctuation (the local power spectrum).
The correlation between the local matter density power spectra and the local mean matter density field is easy to understand. As the structure formation proceeds faster in overdense regions, the local power spectrum is larger than the average. Therefore there is a positive correlation between the local matter density power spectra and mean matter density field. We can understand this correlation by treating each subvolume as a "separate universe" [26] ; namely, an overdense region behaves as if it was a separate Friedmann-Lemaître-RobertsonWalker universe with positive spatial curvature, even if geometry of the background universe is flat. This picture allows us to calculate theoretically the correlation between the local matter density power spectra and mean matter density field using perturbation theory [16] in a mildly non-linear regime and the so-called separate universe simulation in a deeply non-linear regime [27] .
While the position-dependent power spectrum measures only a fraction of information contained in the full bispectrum, the fact that we can understand it physically and intuitively is a unique advantage of this approach, as the bispectrum is often too complicated to understand physically.
We do not have to use the same tracer for the local power spectra and the local mean density field. For example, one can correlate the local Lyman-α forest power spectra with the large-scale fluctuation fields of quasars [28] and weak lensing [29, 30] . Such correlations yield information on non-gravitational effects such as radiative transfer. In this paper we consider the correlation between the local 21-cm power spectra and the mean matter density field or the mean 21-cm field. Let δ(r) be an arbitrary zero-mean field. (For example, below we will consider the matter density contrast, δ d , as well as 21-cm brightness temperature fluctuations, δ 21 = T 21 /T 21 − 1.) The position-dependent power spectrum of δ(r) can be calculated by dividing the total volume into subvolumes V L . Formally, the subvolumes are represented by a window function
In what follows, we use the coordinate-space top-hat function,
where L is the length of each side of the subvolume. The position-dependent power spectrum is then given by
We find
Definingδ(r L ) to be the mean of δ(r) in a subvolume V L , the cross-correlation with P (k, r L ) can be written as
Here, B is the bispectrum, .7) to be the integrated bispectrum, denoted as iB(k). In this study, we will consider the spherically-averaged integrated bispectrum,
where P (k, r L ) is the spherically averaged local power spectrum of the tracer within a subvolume centered at r L . Since W L (q 3 ) limits q 3 to the scale defined by the size of subvolumes, 2π/L, the cross correlation, P (k, r L )δ(r L ) , probes the squeezed-limit bispectrum as long as q 1 and q 2 correspond to scales much smaller than our sub-volumes, i.e. q 1 ≈ q 1 q 3 . When applied to the 21-cm signal, eq. (2.9) has the key virtue that it contains more information than the power spectrum, but is simpler to estimate compared to the conventional bispectrum estimators [11, 14, 15] .
For physical interpretation, it is useful to think of the local power spectrum as Taylor expansion in terms ofδ, i.e.,
where P (k) is the global power spectrum. The second term describes how the local power spectrum responds toδ. To extract this information, let us define the so-called response function [16, 17] as
where σ 2 L is the variance ofδ L . To first order inδ, the response function reduces to
The integrated bispectrum defined by eq. (2.9) thus measures the response of the local power spectrum to long-wavelength fluctuations. See Refs. [16, 17, 27] for the way to calculate f (k) theoretically using perturbation theory and separate universe simulations, when both P (k, r L ) andδ refer to the underlying matter density fields. In linear theory,
is the linear matter power spectrum.
In this paper, we go beyond the matter density response function and consider the 21-cm signal response function. P (k) in the rest of this paper therefore denotes the 21-cm power spectrum. In Appendix A, we develop a simple analytical model for the response function of the 21-cm signal from reionization. The chief assumption of the model is that, on large enough scales, the neutral fraction of hydrogen, x HI , is a biased tracer of the underlying density field. Under this assumption, we find that the response functions of the 21-cm power spectrum to large-scale density and 21-cm brightness temperature fluctuations are given respectively by
Here, b 1 and b 2 are the first and second local bias parameters of the neutral fraction, defined in eq. (A.4), P dd (k) is the linear matter power spectrum, andx HI is the global neutral fraction. We will show that these simple expressions capture remarkably well the main features of the response functions measured from our reionization simulation.
Estimators
The response functions can be estimated by dividing our simulation box into N 3 cut subvolumes, where N cut is the number of cuts in each direction. The shortest side of the squeezed triangle is given by q 3 = 2πN cut /L B , where L B = 714 Mpc is the box size of our simulation described in Section 3. We can study different squeezed-limit triangle configurations by changing the value of N cut .
We estimate the cross correlation of small scale 21-cm power spectra with the large scale density fluctuations using the following estimator
We then divideî B 21,d (k) by the average power spectrum of all subvolumesP (k) =
This quantity is known as the normalized integrated bispectrum and is the estimator for the response function defined in eq. (2.11),f
The estimator forf 21, 21 
Simulation of Reionization
We use a radiative transfer simulation of reionization to measure the 21-cm response functions.
The simulation is performed in two steps. The first step is to run an N-body simulation of the matter density field and collapsed structures (halos) in a cosmological volume. This simulation is performed with the code CUBEP 3 M 8 [31] . We used 6912 3 particles and the comoving length of each side of the volume is 714 Mpc. The cosmological parameters used here are Ω m =0. 27 , Ω k =0, Ω b =0.044, h = 0.7, n = 0.96 and σ 8 =0.8, consistent with the Wilkinson Microwave Anisotropy Probe (WMAP) [32, 33] and Planck [34, 35] results. We postprocess the matter density fields from the N-body simulation with C 2 -RAY 9 [36] , a fully numerical 3D radiative transfer code. Our radiative transfer calculations are performed on a uniform grid of size N rt = 600 3 . We populate the dark matter haloes from our N-body simulation with ionizing sources. Here we assume that only haloes with masses above 10 9 M release ionizing photons into the IGM [37] . We take the rate of ionizing photon production to be proportional to the masses such that 3 ionizing photons per halo baryon escape every 10 7 years. These assumptions result in a reionization history which is consistent with the existing observational constraints [2, 3, 34] . C 2 RAY employs the short characteristics ray tracing method to solve the radiative transfer equation [38, 39] . The ray-tracing is performed up to a comoving distance of 71 Mpc from each source. This limit is meant to approximate the effect of the presence of optically thick absorbers in the IGM that are unresolved in our N-body simulation. For more details we refer the reader to Refs. [22, 40, 41] .
We will use the radiative transfer simulation described above as our fiducial simulation, labelled as FN-600. For reference, the volume(mass)-weighted mean ionized fraction is 20%, 50%, and 80% at z = 8.26(8.59), 7.57(7.72), and 7.22(7.28), respectively. The volumeweighted ionized fraction is lower than the mass-weighted fraction throughout reionization. This indicates that reionization of FN-600 has an "inside-out" nature. The Thomson scattering optical depth for this reionization history is τ = 0.056, consistent with the Planck results [34, 35] . We note that there is evidence from high-z Lyman-α forest observations that reionization may have ended somewhat later than z = 6 (in contrast to the models considered here, in which reionization ends before z = 7). This would not affect our main conclusions, however; here we are focused on describing the general features of the 21-cm response functions.
Results
Local mean fields
Before investigating the position-dependent power spectrum and response functions, we first show behaviour of the local mean fields,δ d andδ 21 . Here and below we limit ourselves to the case N cut = 2. Figure 1 shows the redshift evolution ofδ d andδ 21 of the 8 subvolumes during reionization in our fiducial numerical simulation FN-600. For reference, the top axis shows the massweighted mean ionized fraction (x m ) in the simulation. The left and right panels showδ d andδ 21 for each subvolume, respectively. For ease of comparison, the colours representing each subvolume are matched between the left and right panels. We find that each subvolume evolves quite differently. For the mass density, the result is easy to understand: the denser subvolumes increase their density with time while the less dense ones decrease their density. The curves for different subvolumes never cross.
The values ofδ 21 on the other hand display more complex evolution. The behaviour of δ 21 is similar to that of the matter density field when the Universe is nearly neutral. However, since the denser regions reionize earlier in the "inside-out" scenario of reionization,δ 21 of the densest region quickly starts decreasing (red curves). By redshift 10, it is no longer the region with the highestδ 21 ; by redshift 8.8, it has the lowestδ 21 . At around the same redshift the subvolume with the lowest density has the highestδ 21 . The evolutionary curves for different subvolumes cross each other just after z ≈ 9 (x m ≈ 0.1).
Local 21-cm power spectrum vs matter density field
We calculate the position-dependent power spectra of the 21-cm signal using eq. (2.4). In Figure 2 , we show the position-dependent dimensionless power spectrum,
, constructed from FN-600. We have chosen the subvolumes withδ d close to zero and those close to the two extreme ends. The ∆ 2 (k, r L ) at each epoch is normalised by the average of all the ∆ 2 (k, r L ) at that epoch. In each panel, we indicate the stage of reionization by the mass-weighted mean ionized fraction of the full simulation box. We show results for x m = 0.2, 0.5 and 0.8 (z = 8.34, 7.76 and 7.305).
The size of the subvolume determines the shortest wavenumber, 2πN cut /L B = 0.0176 Mpc −1 . The squeezed-limit bispectrum is achieved when the wavenumbers of the local power spectra are much greater than this value. In our choice of parameters, we find that the squeezed-limit bispectrum is achieved reasonably well for k 0.5 Mpc −1 (log 10 (k) −0.3). Our description below will focus on this large k regime, unless stated otherwise.
During the early stages of reionization, the 21-cm signal follows the matter distribution. However, once a non-negligible fraction of the simulation volume has been ionized, an anti-correlation develops at larger k values. This is easy to understand. The ionizing sources form H ii regions around them, which grow and overlap with time [5, 42] . A characteristic scale of the H ii regions increases as reionization progresses [e.g. 23, [42] [43] [44] . This characteristic scale leaves an imprint on the 21-cm power spectra which appears as a "knee"-shaped feature Figure 2 : Redshift evolution of the position-dependent power spectra of the 21-cm signal constructed from the FN-600 simulation at three different reionization epochs. For clarity each of the spectra is normalised by the average of all the spectra at that epoch. In each panel, we show the spectra from the subvolume with the highest (red, dotted), mean (green, solid), and lowest (blue, dashed)δ d at the corresponding epoch. The reionization progresses from the left to right panels, which is marked with mean ionization fraction, x m , of the full simulation box. We see that the correlation with the long-wavelength mode flips as reionization progresses.
[ 45, 46] . The 21-cm power at scales smaller than this feature is lowered by reionization 10 . As reionization progresses inside-out in our FN-600 simulation, the high-density subvolumes are ionized first, which suppresses the 21-cm power spectra earlier. This explains an anticorrelation between the 21-cm power spectrum at large k andδ d . The negative correlation spreads to lower k values as more volume is reionized. By x m = 0.8, the local 21-cm power spectra are anti-correlated withδ d at all wavenumbers.
Local 21-cm power spectrum vs 21-cm brightness field
While dependence of the local 21-cm power spectra on the local mean matter density field is useful for physical interpretation, it may not be immediately observable because we may not have an adequate tracer of the mean matter density field during the EoR. Therefore we investigate the dependence of the local 21-cm power spectra on the local mean 21-cm brightness field, which is readily observable using the same data set.
In Figure 3 , we show ∆ 2 (k, r L ) for three values ofδ 21 . Interpretation is straightforward. At the very start when x m = 0, the correlation withδ 21 is positive, as expected for the matter density power spectra. As reionization proceeds, we find the results that are opposite of those in Figure 2 . Namely, the sign of the correlation flips becauseδ d andδ 21 are anti-correlated for x m 0.2 (see Figure 1) . The correlation of the local 21-cm power spectra withδ 21 therefore displays an additional phenomenon during the earliest phases of reionization: it evolves from a positive correlation, through an almost uncorrelated phase, to the anti-correlation seen at x m = 0.2. After this, the high k power shows a positive correlation due to the size of H ii 10 In figure 1 of Ref. [47] , we see that ∆ 2 changes the slope as the ionization fraction increases. The slope initially increases (up to xm 0.15) but the slope starts decreasing when the knee feature develops. After xm ≈ 0.70 the slope no longer changes but the amplitude of ∆ 2 decreases as more hydrogen is ionized. Each subvolume follows a different reionization history (seen in Figure 1 ) and the subvolumes which start reionizing earlier will be ahead in this slope changing process. regions when x m = 0.5. Eventually we find a positive correlation at all wavenumbers when x m = 0.8.
21cm response functions
We now turn our attention to the 21-cm response functions. Let us first consider the response with respect to the mean matter density field,f 21,d , which is more straightforward to interpret physically. We will then considerf 21, 21 , which is the quantity that can be measured from observations. Response function of the local 21-cm power spectrum to the long-wavelength matter density field at different stages of reionization. We show the early and late stages in the left and right panels, respectively. In the beginning of reionization, the response function resembles the response function of the matter power spectrum. The squeezed limit is achieved for log 10 (k) −0.3. The black solid line shows the analytical response function of the linear matter power spectrum, 68/21 a negative value, in agreement with the physical picture we gave in Section 4.2. The negative response then spreads to lower k values as reionization proceeds.
The matter-21cm-21cm response function
The behaviour of the response function on larger scales, k 0.5 Mpc −1 , is more complex, but we can reproduce it qualitatively using a simple analytical model we develop in Appendix A. In the left panel of Figure 5 , we compare the redshift evolution of f 21,d for four different While the model predicts a positive response function near the end of reionization, the simulation shows a negative correlation. This is because the size of H ii regions becomes larger than the spatial scales of the wavenumbers shown in this figure near the end of reionization, and our analytical model breaks down. However we have already understood the origin of the negative correlation: it is due to suppression of the 21-cm power spectrum by ionization.
The 21cm-21cm-21cm response function
Whilef 21,d is simpler to interpret, we cannot construct it from the 21-cm observations alone. In this section we considerf 21, 21 . Figure 6 showsf 21,21 at the same global ionized fractions as in Figure 4 
Inside-out versus outside-in reionization
One of the most basic questions about the reionization process is whether it proceeded generally from high to low densities ("inside-out") or from low to high densities ("outside-in"). Answering this question would inform us about the nature of sources and sinks of ionizing photons [48, 49] . Here we explore the 21-cm response functions as a powerful discriminant of these two scenarios.
Models
In addition to FN-600, we use two simple models to explore whether the 21-cm response function can discriminate between the inside-out and outside-in scenarios. These models assume that the ionization state of a cell is fully determined by its local density. The only two inputs for these simulations are the mass-weighted mean ionized fraction, x m (z), and the matter density field. For the inside-out simulation (SN-in-out) the densest fraction x m (z) of the mass is assumed to be fully ionized, whereas for the outside-in simulation (SN-out-in) the lowest density fraction x m (z) is ionized. These two simulations therefore correspond to a perfect correlation and anti-correlation between ionization and density, respectively. We note that these models are unrealistically extreme, but our purpose here is to demonstrate different behaviours of the response functions in the total inside-out and outside-in limits. We use the same gridded density fields of 600 3 for these models and use a reionization history (by mass) which approximately matches that of our radiative transfer simulation FN-600. Due to their similar reionization histories, the Thomson scattering optical depth is approximately the same for all models, τ ≈ 0.056.
Results
In Figure 7 , we compare the redshift evolution of the two response functionsf 21,d andf 21, 21 at k = 0.3 Mpc −1 against the results from FN-600, SN-in-out, and SN-out-in. The evolution in SN-in-out is qualitatively similar to that of FN-600. We note, however, that SN-in-out shows a much deeper minimum forf 21, 21 .
The results of SN-out-in, on the other hand, show a very different evolution;f 21,d always remains positive and increases throughout much of the reionization process. Unlike SN-inout,f 21,d does not display any extrema, and f 21,21 is found to be almost flat throughout reionization. In this scenario, the regions with higher densities remain unaffected until the very end of reionization. Thus, the bias of the neutral hydrogen with respect to the density filed (b 1 in the analytical model for the response function) will remain positive, and eqs. (2.13) and (2.14) indicate that the response functions will never attain negative values.
To further illustrate how the response functions help discriminate between SN-in-out and SN-out-in, we show in Figure 8 the evolutionary track of each simulation in the f (k) − ∆ 2 (k) plane for k = 0.3 Mpc −1 . Ref. [14] introduced this representation in the study of their bispectrum results. The left panel shows the evolutionary tracks of f 21,d for FN-600, SNin-out, and SN-out-in. All the tracks start at roughly the same region of the f (k) − ∆ 2 (k) plane. For the f 21,d case, SN-in-out (SN-out-in) move leftward (rightward) in the plane. Both SN-in-out and FN-600 create clockwise spiral tracks due to the simultaneous action of dip in the 21-cm power spectra and the sign change in f 21,d . SN-out-in does not show this sign change in f 21,d . Its evolutionary track is more parabolic in nature. The right panel of Figure 8 shows the evolutionary tracks of f 21, 21 . Again, the tracks start at roughly the same region. Both the SN-in-out and FN-600 tracks exhibit a dip feature instead of a spiral owing to the fact that f 21,21 does not change the sign. The track of SN-out-in is similar to that of the left panel. These results show that the evolution of the 21-cm response function will provide a useful tool for probing the "topology" of reionization.
Summary and discussion
Due to non-Gaussian nature of the signal, higher order statistics such as the bispectrum are needed to extract the full information content of the 21-cm brightness fluctuations. In this paper we have investigated a particular choice for the bispectrum; namely, the squeezed-limit bispectrum. Following Refs. [16, 17] , we have measured this bispectrum from the correlation between position-dependent 21-cm power spectra and large-scale variations in the matter density or the 21-cm signal fields. This statistic provides a clean measurement of modecoupling of the large-and small-scale fluctuations, by capturing how the small-scale power in the 21-cm signal responds to the large-scale fluctuation field. Not only is this statistic easy to measure from the data, but it also provides a clear physical interpretation of the measured correlation. This property allowed us to derive a simple analytical model based on bias expansion and the excursion-set formalism.
As structure formation in an overdense region proceeds faster than the average, we find a positive correlation between the small-scale matter power spectrum and the large-scale matter density field. In other words, the small-scale matter power has a positive response to the large-scale matter density field. When the dense regions are ionized first, as in the "insideout" scenario, the response function of the small-scale 21-cm power spectrum is suppressed relative to the matter response function (e.g., at k 1 Mpc −1 for x m = 0.2), and becomes negative as reionization progresses (e.g., at k 0.5 Mpc −1 for x m = 0.5). This negative response is seen in the scales below the typical sizes of H ii regions during reionization. Eventually we find a negative response at all scales towards the end of reionization. In this way, reionization produces mode-coupling naturally; large-scale H ii regions suppress the 21-cm power spectrum on small scales. The sign of the response of the small-scale 21-cm power spectrum to the large-scale 21-cm brightness field is opposite to this once the large-scale matter density and 21-cm brightness fields become anti-correlated.
While the behaviour of the response function below the size of H ii regions is understood as described above, the behaviour on larger scales (k 0.5 Mpc −1 ) is more complex. To this end we have developed an analytical model that is valid on scales larger than the size of H ii regions. The analytical model predicts that the detailed evolution of the response functions must depend on the distribution of neutral material with respect to the density field and hence on the distribution, brightness and clustering of sources of ionizing photons. We found that our model is able to explain the basic features of the response functions observed in our reionization simulation qualitatively.
We applied the position-dependent power spectrum approach to two extreme models: one in which ionization correlates perfectly with density (perfect "inside-out" reionization) and one in which it anti-correlates perfectly (perfect "outside-in" reionization). We found that the response functions in these scenarios are very different, suggesting that the response functions are useful for studying the topology of reionization. The response functions will also be useful to confirm that the detected 21-cm power spectra are not due to foreground emission or instrumental systematic errors. The power spectrum is susceptible to foreground and systematics because it is easy to add power at a given scale by these effects. However, the response function measures mode-coupling between large-and small-scale fluctuations, and reionization predicts a particular form of coupling which would be harder to mimic precisely by foreground or systematics. The unique evolution of the response function in the f (k) − ∆ 2 (k) plane can be used to establish reliability of the measurements.
Our study only represents a first exploration of the application of the position-dependent power spectra and response function techniques to the 21-cm signal. A wider exploration of the parameters space of sources is needed. Another potentially important effect is the impact of spin temperature fluctuations. While we assumed the high spin temperature limit, the spin temperature may be closer to the CMB temperature during an early phase of reionization, which will impact the strength of the 21-cm signal. Refs. [50, 51] showed that spin temperature fluctuations can have a strong impact on non-Gaussianity of the signal. Ref. [52] indeed confirmed that there is a clear effect present in the measurements of the bispectrum.
How about observational prospects of the response functions? Addressing this question requires dividing the observational data set into subvolumes and extracting the local power spectrum and mean signal from each of these. Implementation of this procedure on real interferometeric data should be studied, not only from the point of view of the signal-to-noise ratio but also from that of calibration effects. Ref. [52] have carried out a theoretical study of detectability of the bispectrum in SKA-Low observations in the presence of telescope noise. They find that for 1000-hour integration time the bispectrum from the equilateral triangle configuration will be detectable. A similar study should be done for the response function, hence the squeezed-limit bispectrum.
The squeezed limit bispectrum (as measured through position-dependent power spectrum method) clearly constitutes a powerful probe of reionization and should be added to the palette of analysis methods for the 21-cm signal from the EoR. The arrival of real observational data, in hopefully the not-too-distant future, will establish which of the many available methods are the most useful for confirming the nature of the detected signal as well as for extraction of astrophysical and cosmological parameters from it. The results of our initial study give us confidence that just as for galaxy surveys at lower redshifts [18] , the squeezed-limit bispectrum will prove to be a valuable tool. A Analytical model for response function of the 21-cm power spectrum on large scales
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In this appendix we develop a simple analytic model for the 21-cm response functions f 21,d and f 21, 21 . This model is based on a bias expansion and the excursion set model of reionization [42] . We start with eq. (2.2) which gives the 21-cm differential brightness temperature at some location r and define the neutral fraction fluctuation δ HI (r) = x HI /x HI − 1. We assume that the scales of interesting are large enough to apply linear perturbation theory. Indeed Ref. [53] found that the 21-cm signal is likely perturbative over most of the scales accessible to forthcoming observations. Expressing eq. (2.2) in terms of δ HI , and keeping only terms linear in δ d and δ HI yields
where we consider the 21-cm fluctuation,
Assuming that we are interested in scales that are much larger than the typical ionized bubble scale 12 , we can express δ HI in terms of a linear bias parameter, δ HI (k) = b 1 δ d (k). To first order, the 21-cm power spectrum can then be written as
where P dd (k) is the matter power spectrum. We compute the 21-cm response function by taking the derivative of eq. (A.2) with respect to a long-wavelength density perturbation δ l d and expressing it as eq. (2.12),
.
(A.
3)
The last term on the right hand side is the response of the matter power spectrum f d,d . To evaluate eq. (A.3) we just need a model for the bias b 1 and its derivative db 1 /dδ l d . We obtain these bias parameters by applying the excursion-set model of reionization. By analogy to the excursion-set model of halo formation, let us define the local bias parameters of the neutral fraction to be
In the excursion-set model of reionization, the mean neutral fraction in some region of scale l, with mean density contrast δ l d , is proportional to the collapsed fraction in that region. Assuming that only halos with mass above some minimum threshold, M min , can form stars and l respectively. The proportionality factor ζ encodes the efficiency of halos to produce and deliver ionizing photons to the IGM, as well as the losses due to recombinations. For comparison of this model against our numerical results, we calibrate the reionization history of the model by adjusting ζ to match the reionization history of the FN-600 simulation. Noting thatx HI = x HI (δ l d ), we can differentiate eq. (A.5) to compute the bias parameters. As can be seen in eq. (A.3) we also need an expression for the derivative, db 1 /dδ l d . Note that this can be written in terms of b 1 and b 2 through Inserting these relations in eq. (A.3), we thus obtain eq. (2.13) for our first order estimate of the 21cm-matter response. This can be easily translated to the 21cm-21cm response function, which is given in eq. (2.14). According to eq. 2.13 the redshift evolution of f 21,d only depends on the evolution of b 1 and b 2 . Figure 9 shows the results for f 21,d and f 21,21 using an estimate of f d,d for k ≈ 0.5 Mpc −1 taken from our simulation results at z ≈ 12. Our model predicts that there will be a time when f 21,d will change sign. This occurs when the (linear) fluctuations in the neutral hydrogen density are perfectly anti-correlated with the matter density fluctuations such that b 1 = −1. Both f 21,d and f 21,21 display a similar evolution until this epoch. Afterwards, f 21,d is positive and decreases from a high value whereas f 21,21 is negative and increases from a low value. In Section 4 we find that this simple model is qualitatively similar to the numerical results from our radiative transfer simulation of reionization.
